We review and compare two models recently used to describe electronic transport in polymer fibers/nanotubes and carbon nanotubes including graphene nanoribbons, namely, variable range hopping (VRH) in different versions and their modifications on the one hand and electric-field-induced phononassisted tunneling (PhAT) on the other hand. The VRH model is mainly approved on behalf of the results of temperature dependences. However, the field dependencies of the conductivity in the framework of this model remain practically unexplained. At the same time, the PhAT model describes properly not only temperature dependence of conductivity measured in a wide temperature range, but also conductivity/current dependences on field strength using the same set of parameters characterizing the materials 
Introduction
Electrical conductivity is an important feature of materials promising in electronics. Charge transport mechanism in polymers, polymers and carbon nanotubes has been recently discussed in review papers of Kaiser [1] and Aleshin [2] . However, the focus of attention here was assigned to variable range hopping (VRH) [3, 4] as the dominant transport mechanism in these materials, and the model is based only on the temperature dependences of conductivity. A number of articles have appeared in the last decade where the electrical-field induced phononassisted tunneling (PhAT) model has been suggested to describe the temperature dependent conductivity in polymers [5] [6] [7] , inorganic materials [8] [9] [10] [11] and carbon nanotubes [12, 13] . The said PhAT model is based on the quantum-mechanical theory, and it can properly explain not only the temperature dependences of conductivity, but also the temperature-dependent current-voltage characteristics in a wide range of temperatures and electric field strengths. Nevertheless, different varieties of the VRH model are dominant in recent publications. In the present paper, we will focus on the shortcomings faced by the VRH model in explaining the temperature-dependent con-ductivity of polymers and carbon nanotubes and on the advantages of the PhAT model to describe the experimental peculiarities of conductivity in different semiconducting materials and nanostructures.
Variable range hopping and phonon-assisted tunneling models

Variable range hopping
Variable range hopping (VRH) is a model describing lowtemperature conduction in strongly disordered systems with localized states. Until now, the model has submitted either Mott's (M-VRH) version [3] , or Efros-Shklovskii (ES) version [4] . Mott's VRH conductivity takes place when the Coulomb interactions between the localized electrons is negligible. In agreement with the M-VRH model, the temperature dependence of the conductivity (σ ) is expressed as [3] :
where = 1/(1+ ), is the effective dimensionality (D) of the system, and T M is the Mott characteristic temperature indicating the degree of disorder, given approximately by:
Here N(E F ) is the electronic density of (localized) states per unit energy interval at the Fermi level, which is expected to be constant. The parameter 3 is the charge carrier wave function exp(− ) decay length in the localization centre (localization length). The value of σ 0 , as obtained by various researchers, is given by:
where is the electronic charge unit and ν is a hopping frequency that may be related to the phonon frequency (about 10 13 Hz). Conducting polymers are three-dimensional networks of one-dimensional conductors, so = 3 (strong interchain coupling) or = 1 (weak interchain coupling). Thus, in the case of a three-dimension (3D) system, the M-VRH for the temperature dependence conductivity is expressed by ln σ (T ) ∝ T −1/4 , and for a 1D system, the conductivity follows the ln σ (T ) ∝ T −1/2 dependence. Considering long-range Coulomb interaction of the electron in process, Efros and Shklovskii showed that density of states N(E F ) depends quadratically on (E − E F ) (it has a parabolic form) and a soft Coulomb gap of width
opens at the Fermi level, where is the dielectric constant. In this case, the conductivity, regardless of , follows the ES-VRH law [4] :
with T ES = 2 8 2 /4π 0 B . Hence, the above models predict that in Eq. 1 for polymers can be 1/4 or 1/2 only. The three-dimensional M-VRH model where the logarithmic conductivity varies with T 1/4 is assumed to be observed in both inorganic and organic disordered solids [14] [15] [16] [17] , [18] [19] [20] [21] [22] [23] . The temperature dependence of conductivity of the form ln σ (T ) ∝ T −1/3 resulting from two-dimensional (2D)-VRH has also been observed in various systems [22] , [24] [25] [26] [27] . There are several instances of one-dimensional (1D)-VRH [28] [29] [30] [31] [32] [33] [34] where the logarithmic conductivity varies with temperature as T 1/2 . There exist a number of experimental data where an expected crossover from the Mott to the ES-VRH was observed as temperature recedes from high to low [35] − [39] . This phenomenon has been explained by the fact that at low temperatures the hopping energy is lower or comparable to the gap energy; therefore, the hopping is influenced by the presence of a Coulomb gap. At higher temperatures, the hopping energy being much larger than the Coulomb gap, results in suppression of its effect. There are also some experimental data where the temperature dependence of the conductivity is expressed by other relations. Namely, in [40, 41] the conductivity dependence on temperature is presented as ln σ (T ) ∝ T 2/5 . Such dependence has been predicted by the Fogler, Teber and Shklovskii VRH theory (FTS-VRH) [42] . According to the FTS-VRH, in some cases, the size of may have not only the values of 1/4 or 1/2, but can also be a ratio of other numbers. More precisely, = (1 + µ)/(1 + µ + ) where µ is related to the energy dependence of the density of states for charge excitations
with µ =0, 1, 2. In the case when µ =1 and =3, the exponent =2/5. Indeed, in the PANI pellet with differentconcentration dopant HCl, the temperature dependence of the conductivity was described by the exponent values of 1/2, 2/5 and 1/4 [41] . In very recent works, Taunk et al. [43, 44] investigated temperature dependent conductivity over a wide temperature range of 10−300 K in chemically synthesized doped and undoped PPy. In order to explain this temperaturedependent conductivity, three mechanisms have been invoked, namely: (i) Mott's VRH suitable in the temperature range of 100−300 K; (ii) Kivelson's hopping model [45, 46] in the temperature range of 60−300 K, according to which the temperature dependence of the conductivity is expressed by a power law as σ (T ) = AT , where A is a constant and is the power index; (iii) the fluctuationassisted tunneling conduction mechanism below 60 K, according to which the conductivity dependence on temperature is σ (T ) = σ 0 exp( T ) 3/2 [47] , and of whose workability the authors [44] envisaged in the temperature range between 10−50 K. Thus, a variety of expressions to describe the temperature dependence of conductivity implied in different variations of the VRH model do not uncover the essence of conduction in the substance under consideration. We want to emphasize that the aforementioned model fails in explaining the conductivity dependence on the field strength [48, 49] , but with the intention to describe the current/conductivity dependence on bias voltage/field strength, Kaiser and Park proposed an empirical expression [50] .
The phonon-assisted tunneling model
Phonon-assisted tunneling (PhAT) is a quantummechanical process of electron tunneling through an energetic barrier involving lattice phonons whose energy facilitates the process. Phonon participation results in obvious temperature dependence in the tunneling process. The theory of electron tunneling from the valence band to the conduction band in effective mass approximation was firstly evaluated by Keldysh [51, 52] . In 1976, a similar theory was developed for charge carriers tunneling with phonon participation from their local states (traps) to the conduction band [53] . Pursuant to the PhAT model, thermally activated electrical current in a semiconductor/dielectric is due to generation of free charge carriers by the PhAT process from the electronic levels (traps) at the electrode-semiconductor (dielectric) interface. In the case, the traps at the Fermi level of metal are continually filled from the electrode due to the process of resonant tunneling. Assuming that all the released electrons are transferred through the depletion region of Schottky barrier, the current will be proportional to the tunneling rate W , i.e.:
where N S is the surface density of localized electrons at the interface, and S is the area of the barrier electrode. In an absence of a barrier, we can observe bulk limited current due to tunneling electron hopping from trap to trap the conduction band. We would like to mention that in the VRH model, the current is due to carriers traveling from traps to traps in of a conduction band. If electrons released from traps dominate, the current passing through the device may be expressed by the equation [54] :
where A is the effective generation volume, and N V is the traps density. Therefore, we can make a comparison of the experimental data on the current/conduction dependence upon applied voltage and temperature with the computed tunneling rate dependence on the field strength E and temperature -W (E T ). We explore the quantum-mechanical tunneling theory, in which the influence of phonons in the tunneling process is included [53] . For this purpose, we will employ the expression presented in [5, 53] , which is as follows for the tunneling rate from the centers of T energetic depth:
where
is a parameter determining the temperature dependence of the tunneling. It should be emphasized that if the parameter γ → 0 due to being conditioned by a very strong electrical field or low temperature, the tunneling process becomes temperatureindependent. Here Γ 2 = Γ 2 0 (2 + 1) = 8 (¯ ω) 2 (2 + 1) is the width of the center absorption band, Γ 0 being the same at
is the temperature distribution of phonons, where¯ ω is the energy of the phonon taking part in the tunneling process, * is the electron effective mass, and α is the electron-phonon coupling constant,
In order to perceive the peculiarities of the tunneling rate dependence on temperature, following from the PhAT theory, the ln W (E T ) vs. T and T
−1/4
dependences computed using Eq. 7 for different field strength are presented in Fig. 1 . Fig. 1 (a), 1(b) reflects that the shape of these curves strongly depends on the field strength E, for which the W (E T ) was computed. A common peculiarity of these dependences is a straight segment at higher temperatures, bending of curves as the temperature decreases and curves becoming temperatureindependent in the low temperature range. The temperature region below where the tunneling rate becomes temperature-independent is closely related to the value of phonon energy, namely, higher phonon energy resulting in a higher crossover temperature.
Thus, PhAT (as a free carrier generation mechanism) may cause not only a variety of exponent in σ ∝ T −P dependences, but also the temperature-independent segment in the conductivity/current temperature dependence curves if phonons of high energy take part in the tunneling process.
The tunneling rate ln W (E T ) dependence on the value of carriers effective mass ( Fig. 1(c) ) has a straight segment if effective mass is varied from * = 0 025 to * = 0 25 , but the values of tunneling rates nearly coincide at the 4 K and 300 K temperatures. For heavier carriers, the ln W (E T ) curves are separated at these temperatures, and the dependence at 300 K is less variable than at 4 K. The ln W (E T ) on T , notably over 100 K, is more varied for heavier carriers, as is shown in Fig. 1(d) .
In the next sections, we will provide some comparison of the temperature-dependent or field-dependent conductivities measured by several researchers with the tunneling rate dependence on the temperature or field strength, computed applying the PhAT Eq. 7.
Comparison of conductivity dependence on temperature with the PhAT theory
Now we will perform fitting of the PhAT model and some experimental data on the temperature dependence of the conductivity measured by various authors whose results were attempted to interpret by the VRH models. [55] . In this case, for fitting with the experimental data, the value of W (T E) was calculated using two values of phonon energy, whereas the results were obtained in a wide temperature range. The comparison of temperature-dependent conductivity for the chemically synthesized doped and undoped PPy [43] over a wide (10−300 K) temperature range with the PhAT curves we have calculated is presented in Fig. 3 . It is worthwhile noting that our calculations, in this case, were performed using only one value of 6 meV for phonon energy, and the T value was estimated from ln σ vs. 1/T plot. Wang et al. [49] have presented the electrical transport measurements on individual disordered multiwalled carbon nanotubes (MWCNT) grown catalytically in a nanoporous anodic aluminum oxide template. In Fig. 4 we show a comparison of dependences ln σ (T )/σ (300 K) for both asdeposited and annealed types of nanotubes from [49] with PhAT curves we have computed. The W (E T ) for fitting was calculated using two values of phonon energy, i.e. 5 and 1 meV. The calculation of W (E T ) was performed using for effective mass the value of 0.5 [65] . The obvious differences in temperature dependences of conductivity in as-deposited and annealed samples are caused by the differences in T in these samples. As can be seen in Fig. 4 , the theoretical curves W (E T ) describe the dependences of conductivity in the entire temperature range from 4 to 340 K. The fit of the temperature dependence of electrical conductivity results in MWCNT films extracted from Fig. 6 in [27] with the tunneling rate dependence on temperature computed using PhAT Eq. 7 is presented in Fig. 5 . In this case, the theoretical ln W (E T ) vs. T curve (solid line), was computed using the value of T energetic depth belonging to the order of the hopping energy assessed in [27] , and for phonons energy of 2 and 0.5 meV. Note that the theoretical tunneling rate W (E T ) calculated only for of 0.5 meV (dashed curve in Fig. 5 ) at 45 K exhibits the crossover and rapidly decreases as temperature increases. Therefore, in the higher temperature region, the phonons of higher energy dominate in the tunneling process (dashed-dot curve in Fig. 5 ). Fig. 6 shows the fit of the experimental results on temperature dependence of the conductivity obtained by Taychatanapat and JarilloHerrero [56] for bilayer graphene (BLG) devices with theoretical ln W (E T ) against 1/T dependences. The temperature dependences of conductivity were measured in the temperature range of 300 mK to 100 K performed at different electric displacement fields. W (E T ) used for the fitting was computed on the basis of the value of energy activation from 8 to 4 meV for the center depth T for all the curves assessed in [56] and for the effective mass, using the value of 0.8 , as in the case of graphene nanoribbons [57] . In carbon nanotubes, there exist a large variety of phonons [58] . We believe that this is also present in BLG samples. Whereas the measurements were carried out in the range of low temperatures, the¯ taking part in the tunneling process must be low because the higher-energy phonons are frozen out at low temperatures. Taking into account the very low activation energy, which varies from 8 meV to 0.3 meV, we used the phonons of 1 meV and 0.3 meV (equal to the lowest energy activation) for the calculation of the tunneling rate, and total W (E T ) was expressed as a sum of W 1 (E T ) and W 2 (E T ) with¯ ω 1 = 1 meV and ω 2 = 0.3 meV, respectively. The parameters α 1 and α 2 were chosen so that the best fit of the experimental data with the calculated dependences should be received.
Comparison of nonlinear dependences of conductivity/current on the field strength with the PhAT theory
Firstly, we undertake to describe the temperaturedependent nonlinear I(V ) data obtained by Wang et al. [49] for carbon nanotubes, which was not explained in [49] . While measurements were carried out in a wide temperature range from 6 K to 300 K, the fit with the PhAT theory in Fig. 7 (a) and 7(b) was also implemented for calculation of W (E T ) using two values of phonons, as in the case where fitting of temperature dependences of the conductivity was performed (see Fig. 4 ). As can be seen in Fig. 7(a) , the W (T E) dependences computed for phonon energy of 5 meV (solid lines) describe well the data obtained at higher temperatures, while data related to lower temperatures go beyond the theories' limit, and, on the contrary, the curves computed for phonon energy of 1 meV (depicted in Fig. 7 (a) by dashed lines) match well with the experimental curves obtained at 6, 11.8 and 24 K. In Fig. 7 (b) these experimental data from [49] fitted to the theoretical curves commute as a sum of ln(W 1 + W 2 ) computed for phonons of energy values of 1 and 5 meV.
The I − V characteristics for single poly(3,4-ethylenedioxythiophene) (PEDOT) nanowires, measured by Long et al. [59] in a temperature range from 2 K to 100 K fitted to the ln W (T E) against ln E are shown in Fig. 8 . The fit, same as in the case of Fig. 7 , was performed under the assumption that the field strength is proportional to the square root of applied voltage, i.e., tunneling occurs in a high field strength region. The ln W (E T ) dependences vs. ln E for PEDOT nanowires were computed for the center depth T using the value of 5 meV, estimated from the ln I vs. 1/T plot. The effective mass value of 0.82 [66] and the value of 1.2 meV for phonon energy, were used while computing.
Discussion
Different versions of the widely used VRH model and their modifications describe the temperature dependences of conductivity only in a restricted temperature range and are incapable of describing the nonlinear conductivity dependences on field strength and their variations with temperature.
The authors of Ref. [55] claim that in the case of PPy nanowires, the nanowires show Mott's 3D VRH behavior (R ∝ exp(T 0 /T ) 1/4 ) with increasing temperature (above 30 K) for low (current or voltage) bias; however, a crossover from 3D-VRH to power law behavior (R ∝ T −α ) takes place as bias voltage or current is increased from a low to a relatively high value. The PhAT theoretical tunneling rate curves W (E T ), as seen in Fig. 2 , describe the experimental data on PPy nanowires in the entire temperature range (30 to 300 K) for two values of current (100 nA and 1 mA) successfully. It is noteworthy that the theoretical W (E T ) curves are computed for different temperatures using the same values of α, T , * and¯ ω parameters.
Furthermore, the VRH model also often meets difficulties when seeking a quantitative agreement with experimental data (see inset in Fig. 3) , namely, in a wider temperature region (10 to 300 K) [43] . Conversely, in the case of the PhAT model we suggest, as shown in Fig. 3 , the variation of the conductivity with the temperature for doped and undoped PPy pellets [43] , reflects the results well in all the temperatural regions.
For explanation of temperature-dependent conductivity σ (T ) of MWCNT, the authors [49] invoke the Coulombgap VRH model [4] taking into account the fact that in both the types of nanotubes (as-deposited and annealed), the low-field conductance showed an exp[−(T 0 /T ) 1/2 ] dependence on temperature. However, for the as-deposited sample, in which the conductance exhibited strong temperature dependence, evident deviation from this law was observed. Furthermore, the temperature-dependent nonlinear current-voltage (I − V ) data in [49] was not explained. Considering the same situation with the PhAT model (Fig. 4) , the ln(σ (T )/σ (300 K) dependences on 1/T from [49] for both the types of individual MWCNT nanotubes (as-deposited and annealed) fitted to the PhAT theoretical W (E T ) vs. T −1 curves reflect an unquestionable adequacy of the experimental data to the PhAT theory in the entire temperature range from 4 to 340 K.
Aggarwal et al. [27] studied temperature dependence of electrical conductivity in a MWCNT film. The measurements were performed over a wide temperature range from 4 to 293 K. The measured data were fitted to variablerange hopping, and the results interpreted using Mott's VRH model. The conduction mechanism of the MWCNT films, in the authors' opinion [27] , exhibits a crossover from the exp[−(T 0 /T ) 1/4 ] law in the temperature range (293−110 K) to exp[−(T /T ) 1/3 ] in the low temperature range (110−4 K), and this behavior was attributed by the authors to temperature-induced transition from threedimension (3D) to two-dimension (2D) VRH. As seen in Fig. 5 (solid line) , the PhAT theoretical curve describes the conductivity of a MWCNT film in the entire range of temperatures with great success.
The authors of Ref. [56] explain the thermally-activated conductivity behavior for bilayer graphene devices by three different activation energies ( 1 , 2 , 3 ), including a nearest neighbor hopping (NNH) regime at lower temperatures. To describe the temperature dependence of the conductivity at different temperatures [56] , the VRH mechanism was applied, as well. Both NNH and VRH agree reasonably well with the experimental data in the entire temperature range. However, the fit of the ln(1/ρ) dependences on 1/T for BLG devices extracted from Fig. 3 in [56] with the W (E T ) depicted in Fig. 6 indicates that the PhAT theoretical curves, unambiguously, describe well the experimental data in the entire temperature range measured. Thus, all distinct temperature regimes discerned by the authors [56] in the range of temperatures from 100 K to 0.3 K are described well in the framework of the PhAT model by one theoretical ln W (E T ) vs. 1/T curve computed using two values of phonon energy and values of the activation energy from 8 to 4 meV.
For evaluation of the conduction mechanism, the conductivity dependence on the field strength is also very important. In the VRH model, the conductivity dependence on the field strength is usually expressible as
] (see, e.g. [48, 49] ), which is valid at a high electric field and low temperatures. Therefore, some authors use empirical Kaiser's expression [50] . But the temperature-dependent nonlinear I(V ) data obtained by Wang et al. [49] for carbon nanotubes was not explained in this viewpoint. Contrarily, the proposed PhAT model, as seen in Fig. 7(a) and 7(b) , is able to explain not only the conductivity dependence for carbon nanotube in a wide field strength region, but also at different temperatures.
To describe temperature-dependent I −V data for PEDOT nanowires, the authors [59] used the extended fluctuationinduced tunneling and thermal excitation model (Kaiser's expression [50] ). For the fitting of the I − V data with Kaiser's expression, three parameters, namely G 0 , , and V 0 , which vary with temperature must be used. Thus, for six values of measured temperatures, six different sets of parameters were applied (See Table 3 in Ref. [59] ). Despite of plenty parameters, which must be used for the fitting, a good fit of the I − V data with Kaiser's expression was found only for the data measured at higher temperatures and/or higher bias voltages. In Fig. 8 , we expose the fit of experimental data [59] measured in the range of temperatures from 2 K to 100 K with theoretical curves computed using the PhAT Eq. 7. As can be seen, the I −V data fit very well with the PhAT theoretical W (E T ) curves computed for different temperatures using the same values of α, T , * and¯ ω parameters.
The summary of parameters used in the PhAT model for computing of W (E T ) dependences for various devices are presented in Table 1 . As seen in Table 1 , among the set of parameters used for the calculation of PhAT rate W (E T ) dependences, the carriers' effective mass is known from literary sources, while the depth of the centre T and, in some cases, electric field strength can be assessed applying the data from the experiment. We want to note that there exist a grand variety of vibration modes in the energy range, for example, in the carbon nanotube case, from about 1 to 200 meV [58] , [67] [68] [69] [70] , and thus the phonons of various energies may take part in the tunneling process. However, at low temperatures only phonons of small energy can be effective because a population of phonons of higher energy would be negligible. In [68] it was pointed out that participation of the low-energy phonons (i.e. less than 1.5 meV) may play an important role in the temperature dependence of the electronic conductivity. Since the width of the impurity absorption band is unknown, the value α (see Eq. 8), in each case (Fig. 2−Fig. 8 ), was chosen so as to get the best fit of the experimental data with theoretical results.
The object of the PhAT investigation has also been extensively studied in our and co-workers' papers: for polymers films [5, 11, 71] , for MEH-PPV diodes [6] , polyacetylene nanofibers [7] , some oxide nanowires or films [8, 10] , carbon nanotube networks [12, 13] , graphene nanoribbons and graphene oxides [57] , and polydiacetylene crystals [72] . Some authors have currently applied the PhAT model that we propose and Eq. 7 for calculation of the tunneling rate to clarify the transport experimental results in ferromagnet/organic semiconductor/feromagnet heterojunction using rubrene (C 42 H 28 ) as an organic semiconductor spacer [60, 61, 63] , as well as to interpret the carrier transport mechanism in Si nanocrystals embedded in SiO 2 [62] .
Conclusions
In summary, phonon-assisted tunneling (PhAT), as a freecharge carrier generation process, describes more adequately the peculiarities of the conductivity/current dependence on the temperature and variation of the I − V characteristics with temperature in thin films and nanostructures of organic and inorganic semiconductors as well in carbon nanotubes. The advantage of the PhAT model over the classical VRH model is primarily the ability to describe the temperature-based behavior of the conductivity using the intrinsic parameters of the material investigated.
The apparent crossover from Mott's 3D to 1D VRH or from Mott's VRH to Efros-Shklovskii VRH with temperatural variation can be explained from the viewpoint of the PhAT model by the fact that the tunneling rate dependence of temperature is expressed commonly by a curved line; also, in different temperatures, phonons of different energies dominate in the tunneling process. The PhAT model successfully explains the conductivity/current dependence on field strength and their variation with temperature. Incapability of the VRH mechanism to explain the experimental data of conductivity dependence upon the field strength lies in the fact that this mechanism is based on classical mechanics, whereas, the process of electron release from traps is essentially a quantum-mechanical process. Fitting the experimental data with the PhAT theory allows estimating the phonon energy active in the tunneling process and the field strength under which the tunneling process occurs. We also want to note that the PhAT model in the form presented in this paper is now explored by other investigators, too [60] [61] [62] [63] . All of the above things considered, the presented PhAT theoretical approach provides a deeper insight into the physical background of the charge transport through barriers in a wide range of organic and inorganic devices.
